introduced the extended g-formula to estimate from observational data the risk of failure under hypothetical interventions wherein a subject's treatment at time k is assigned based on the natural value of treatment at k; that is, the value of treatment that would have been observed at k were the intervention discontinued right before k. Several authors have parametrically applied the extended g-formula to estimate long-term failure risk under hypothetical interventions on time-varying behaviors in observational studies. For example, Taubman et al. (2009, Intervening on risk factors for coronary heart disease: an application of the parametric g-formula. International Journal of Epidemiology, 380(6):1599-1611) used this approach to estimate the 20-year risk of coronary heart disease in the Nurses' Health Study under the hypothetical intervention "If a subject's natural value of exercise by the end of day k is less than 30 minutes, set her exercise on day k to exactly 30 minutes; otherwise, do not intervene on her on that day". Non-parametrically, the extended g-formula differs from the (non-extended) g-formula of Robins (1986, A new approach to causal inference in mortality studies with a sustained exposure period: application to the healthy worker survivor effect. Mathematical Modelling, 7:1393-1512) in that it is a function of (i) a user-specified intervention depending on the natural value of treatment and (ii) the distribution of natural treatment itself. Richardson and Robins (2013, http://www.csss.washington.edu/Papers/) recently defined a sufficient condition such that the extended g-formula may identify risk under an intervention that depends on the natural value of treatment, provided this expression is well-defined. In this paper, we complement this result by showing that the extended g-formula associated with an intervention depending on the natural value of treatment is algebraically equivalent to the (non-extended) g-formula associated with a particular random dynamic regime that does not depend on this value. Using previous results for random dynamic regimes, we show that this equivalence immediately gives a sufficient positivity condition that guarantees the extended g-formula is well-defined as well as semi-parametric alternatives to the parametric extended g-formula for estimation. Finally, given a hypothetical intervention that depends on the natural value of treatment, we define a plausible (implementable) approximation to this hypothetical intervention along with an untestable assumption that gives exact equivalence.
Introduction
introduced the extended g-formula to estimate from observational data the risk of failure under hypothetical interventions wherein a subject's treatment at time k is assigned based on the natural value of treatment at k; that is, the value of treatment that would have been observed at k were the intervention discontinued right before k. Several authors (Robins et al. 2004; Taubman et al. 2009; Lajous et al. 2013; Danaei et al. 2013; García-Aymerich et al. 2014 ) have parametrically applied this approach to estimate the risk of failure in observational studies under hypothetical time-varying interventions of the following form: "If a subject's natural value of treatment at k is below a particular threshold (or above in the case of a harmful exposure) then set treatment to this threshold value. Otherwise, do not intervene on this subject at k. " Taubman et al. (2008) referred to this special case of an intervention that depends on the natural value of treatment as a threshold intervention. For example, Taubman et al. (2009) used the parametric extended g-formula to estimate the 20-year risk of coronary heart disease (CHD) in the Nurses' Health Study (NHS) under the following hypothetical threshold intervention on daily minutes of exercise on all days of follow-up "If a subject's natural value of exercise by the end of day k is less than 30 minutes, set her exercise on day k to exactly 30 minutes. Otherwise, do not intervene on this subject on day k". Threshold interventions have the property that they guarantee a continuous treatment is maintained within a prespecified range (e.g. at least 30 minutes per day) continually throughout the follow-up while minimizing the number of subjects requiring intervention at each time.
Non-parametrically, the extended g-formula differs from the (non-extended) g-formula of Robins (1986) in that it includes (i) a specific user-supplied intervention density that depends on the natural value of treatment at each k and (ii) the density of natural treatment itself at each k conditional on past measured confounders (Robins et al. 2004 ). Richardson and Robins (2013) recently defined a condition such that the extended g-formula non-parametrically identifies risk under an intervention that depends on the natural value of treatment associated with the user-supplied intervention density in (i), provided this expression is well-defined. In this paper, we complement this result by showing the algebraic equivalence between the extended g-formula associated with a user-supplied intervention density (i) and the (non-extended) g-formula associated with a particular random dynamic regime that does not depend on the natural value of treatment and may, at most, depend on the measured confounders.
Provided the identifying condition of Richardson and Robins (2013) holds, this algebraic equivalence gives 1. a sufficient positivity condition such that the extended g-formula is well-defined and thus non-parametrically identifies risk under an intervention that depends on the natural value of treatment in an observational study and 2. semi-parametric alternatives to the parametric extended g-formula for estimation.
Given this equivalence, these results follow immediately from previous work on identification and estimation of the effects of random dynamic regimes that do not depend on the natural value of treatment and may, at most, depend on the measured confounders. For example, see Robins (1986 Robins ( , 1997 , Pearl (2000) , Murphy et al. (2001) , van der Laan et al. (2005) , Hernán et al. (2006) , Tian (2008) , Dawid and Didelez (2008) , Robins and Hernán (2009) , Orellana et al. (2010a Orellana et al. ( , 2010b , Cain et al. (2010) , Stitelman et al. (2010) , Dawid and Didelez (2010) , Young et al. (2011) , Picciotto et al. (2012) and Díaz Muñoz and van der Laan (2012) .
Finally, there has been no consideration of the limits on physical implementation of interventions that depend on the natural value of treatment. For example, once we observe that a subject has exercised 20 minutes by the end of day k we cannot subsequently intervene and make her exercise any more (or any fewer) minutes by the end of that day. Therefore, given a hypothetical intervention that depends on the natural value of treatment, we define a plausible (implementable) approximation to this intervention. We also provide an untestable assumption that, when satisfied, would give exact equivalence.
The structure of the paper is as follows. In Section 2, we define the observational data structure of interest and give a classification of hypothetical interventions that do not depend on the natural value of treatment and may, at most, depend on the measured confounders, including random dynamic regimes. In Section 3, we review a set of conditions that non-parametrically identifies risk by the end of follow-up in the observational study under any hypothetical intervention within this classification by the (non-extended) gformula. In Section 4, we show the algebraic equivalence between the extended g-formula associated with an intervention that depends on the natural value of treatment and the (non-extended) g-formula associated with a particular random dynamic regime. In Section 5, we review the parametric extended g-formula estimator and give a semi-parametric alternative that follows immediately from the results of Section 4 given previous semi-parametric results in the context of random dynamic regimes. In Section 6, we define a plausible approximation to an intervention that depends on the natural value of treatment and an assumption for exact equivalence.
A classification of interventions that do not depend on the natural value of treatment
Consider an observational study in which the following random variables are measured during each follow-up time (e.g. day) k ¼ 0; . . . ; K þ 1 for each of i ¼ 1; . . . ; n subjects. We assume subjects are independent and identically distributed and thus suppress the i subscript. Let D k be an indicator of failure (e.g. CHD) by k, L k a vector of measured confounders at the start of k (e.g. smoking, body mass index [BMI] and diet), and A k the treatment observed during k (e.g. number of minutes of actual daily exercise). During any given time k, D k precedes ðL k ; A k Þ. We denote the history of a random variable using overbars.
For example, A k ¼ ðA 0 ; . . . ; A k Þ is the observed treatment history through k. For notational convenience, we set L À1 and A À1 to be identically 0 and, by definition, D 0 ¼ 0. We use lower-case letters to denote possible realizations of a random variable, for example, a k is a possible realization of treatment A k . For simplicity, we assume that no subjects are lost to follow-up or die from competing risks and that all variables are perfectly measured. If a subject has failed by k; i.e. D k ¼ 1; then by convention, we will set
Our goal is to estimate the risk of failure that would have been observed by the end of follow-up K þ 1 had all subjects in this study population followed a hypothetical intervention or treatment regime. Generally define a treatment regime that does not depend on the natural value of treatment as a rule that assigns treatment at k as an independent draw from an intervention density Robins 1986) . Treatment regimes can be either deterministic or random. A regime is deterministic if
; D k ¼ 0Þ may only equal zero or one for all ð a k ; l k Þ and k ¼ 0; . . . ; K. Otherwise, it is random. In particular, we denote g ¼ ðg 0 ; . . . g K Þ to be the deterministic regime associated with the inter- Treatment regimes can further be classified as static or dynamic. A deterministic regime g is static if a g k does not depend on any component of l k for all k. Otherwise g is dynamic. Analogously, a random regime may be classified as static if the intervention density f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ does not depend on any component of l k for all k. Otherwise, this random regime can be classified as dynamic. As noted by Picciotto et al. (2012) , and as made explicit in our notation, treatment assignment under any regime f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ within the current classification depends on surviving to k (i.e. the event
To fix ideas, let us consider some examples of treatment regimes in the context of interventions on daily exercise: 1. Deterministic static regime: "Set daily exercise to 30 minutes on every day k for all subjects" or 3. Random static regime: "Randomly assign a subject's exercise on day k such that the probability of receiving 30 minutes is 0.8 and the probability of receiving 60 minutes is 0.2" or
, and 0 otherwise. The intervention density
; D k ¼ 0Þ may take on values between 0 and 1 but its value does not depend on l k for any k. 4. Random dynamic regime: "If a subject's BMI at the start of day k is ! 25, randomly assign her exercise on day k such that the probability of receiving 30 minutes is 0.8 and the probability of receiving 60 minutes is 0.2. Otherwise, set her exercise to 60 minutes on that day" or
; D k ¼ 0Þ may take on values between 0 and 1 and its value depends on l k for some k.
3 Identifying risk under interventions that do not depend on the natural value of treatment
In observational studies, treatment is not under the control of the investigator but is assigned by some unknown treatment rule that generally differs from the hypothetical regime of interest f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ. In this section, we will review a set of conditions under which data from an observational study can still be used to identify the risk had all subjects, contrary to fact, followed a treatment regime characterized by
Kþ1 represent the counterfactual outcome, treatment and confounder histories, respectively, under a deterministic treatment regime g. We now define three g-specific identifying conditions for each k ¼ 0; . . . ; K:
Exchangeability [1] encodes the assumption that the measured history ðL k ; A kÀ1 Þ is sufficient to control confounding for the effect of treatment at k on future outcomes. It is often referred to as the assumption of no unmeasured confounding and the vector L k the measured confounder history at k. 3. Positivity:
where f obs ða k j l k ; a kÀ1 ; D k ¼ 0Þ denotes the observed treatment density, that is, the conditional density of treatment at k in the observational study evaluated at a particular ð a k ; l k Þ.
Under the three g-specific identifying assumptions stated above for each deterministic regime g 2 G, where G is the set of all deterministic regimes, the risk by K þ 1 under an intervention characterized by any f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ is equivalent to the g-formula (Robins 1986 ):
are the observed joint density of the confounders at k and probability of the outcome by k þ 1, respectively, conditional on past treatment, confounders, and survival to k, with l k the first k þ 1 components of l K , k ¼ 0; . . . ; K. A proof of this equivalence under the current data structure and notation is provided in the appendix of Young et al. (2011) following Lemma 4.2 of Robins (1986) .
One-minus expression [3] is equivalent to survival by K þ 1 under a treatment regime characterized by
This survival can be written as a weighted average of deterministic survival probabilities associated with the deterministic regimes g 2 G with weights defined in terms of f int ða k j l kÀ1 ; a kÀ1 ; D k ¼ 0Þ. Appendix A reviews this equivalence and provides a simplified numerical example in a low-dimensional setting. Note for a given choice of f int ða k j l kÀ1 ; a kÀ1 ; D k ¼ 0Þ, the three identifying assumptions need only hold for the subset of deterministic regimes g that contribute a non-zero weight to the weighted average.
In settings with high-dimensional confounders and/or multiple follow-up times, it will often be quite cumbersome (if not impossible) to list every deterministic regime in the set G with non-zero weights corresponding to a particular choice of f int ða k j l kÀ1 ; a kÀ1 ; D k ¼ 0Þ. An exception is the case where
is defined in terms of a single deterministic regime g. In this special case, all weight is given to this single deterministic regime and expression [3] reduces to:
which may be more familiar to some readers.
Identifying risk under interventions that depend on the natural value of treatment
Given an intervention, define the natural value of treatment at k as the value of treatment that would have been observed at time k were the intervention discontinued right before k. We denote the natural value of treatment at k as A intervention. Thus far, we have only considered interventions that may, at most, depend on the measured confounders as classified in Section 2. We now extend our consideration to interventions that may also depend on the natural value of treatment at k. We shall represent such a hypothetical intervention by its
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Note that, in an observational study, the natural value of treatment at k A Ã k is equivalent to the observed treatment A k as no intervention has been made. Robins et al. (2004) defined the extended g-formula for risk by K þ 1 associated with an intervention
where we stress that f ða 
; D k ¼ 0Þ provided this expression is well-defined. We can informally understand this condition as the assumption that A Ã k is not a confounder and has no effect on the outcome except through future treatment. We consider this condition more formally in the context of a simple example in Appendix B.
Consider one particular intervention that does not depend on A Ã k within the classification of Section 2 specifically chosen as
for any ð a k ; l k Þ. We will say that this choice of
is a marginalization of the user-supplied density
. This equivalence follows by the absence of A Ã k from the conditioning statement of the conditional probability of the outcome at any time k þ 1; . . . ; K þ 1 in expression [6] .
By this equivalence, it immediately follows that, with f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ defined by eq.
[7], the positivity condition [2] of Section 3 guarantees that both the (non-extended) g-formula [3] and the extended g-formula [6] are well-defined. Note, again, for this f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ, this condition need only hold for the subset of deterministic regimes g that contribute a non-zero weight to the associated weighted average of deterministic regimes. Díaz Muñoz and van der Laan (2011 and Haneuse and Rotnitzky (2013) noted a similar result in the point treatment setting for random dynamic regimes that might be interpreted in terms of implied random dynamic regimes based on an explicit deterministic mechanism depending on the natural value of treatment. The regimes considered by these authors are discussed in Section 5.2.
The implied intervention density [7] is a function of the observed treatment density f obs ða Ã k j l k ; a kÀ1 ; D k ¼ 0Þ, which is generally unknown in high-dimensional observational data (although, it may be estimated). Therefore, the implied f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ will also generally be unknown. For
The implied rule [8] is a random dynamic regime by the classification given in Section 2 as f obs ða k j l k ; a kÀ1 ; D k ¼ 0Þ will generally be a nondegenerate density. Finally, while the extended g-formula [6] and the (non-extended) g-formula [3] associated with the random dynamic regime [7] require the same positivity condition by their equivalence, the conditions required for risk identification under an intervention 0Þ and under [7] are not generally equivalent. In particular, the identifying condition defined by Richardson and Robins (2013) for an
; D k ¼ 0Þ is generally more stringent than that required for the random dynamic mechanism [7] , the latter of which is equivalent to the exchangeability condition [1] of Section 3. An exception is under the null; here the two conditions are equivalent. For details, see Section 5.6 of Richardson and Robins (2013) and Appendix B.
Estimating an intervention risk using observational data
In low-dimensional settings, we can non-parametrically estimate expression [3] by first enumerating all possible treatment and confounder histories under a specified intervention f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ, calculating each component proportion, and then taking the overall sum. When f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ is implied by the sum [7] then we must additionally enumerate all possible natural treatment histories and calculate this implied rule. In high-dimensional settings, such that K is large and/or there are continuously measured covariates, such an approach is not feasible. In this case, parametric or semi-parametric approaches may be used.
Parametric estimation
Robins (1986) described a parametric estimator of the (non-extended) g-formula given in expression [3] which involves parametrically modelling each component density and using Monte Carlo simulation to approximate the sum over all possible histories under an intervention that does not depend on the natural value of treatment as in Section 2. Robins et al. (2004) and Taubman et al. (2009) generalized this algorithm to allow for an intervention that depends on the natural value of treatment as in Section 4. Briefly, this more general approach involves the following steps:
1. Parametrically estimate the joint density of natural treatment and confounders at each follow-up time (except baseline) given survival and past treatment and confounders. 2. Parametrically estimate the probability of failure at each follow-up time given survival and past measured treatment and confounders. 3. Recursively, for each k ¼ 0; . . . ; K (a) Set baseline confounders and natural treatment to the observed sample values. For k > 0, generate time k confounders and natural treatment based on the estimated model coefficients and previously generated treatment and confounders under intervention. (b) Assign time k treatment under intervention based on the rule of interest which may be an explicitly specified f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ depending at most on the past measured confounders or an
; D k ¼ 0Þ depending on the natural value of treatment at k. (c) Calculate the discrete failure hazard at k þ 1 given only past generated treatment and confounders under the intervention (ignoring the natural treatment value). 4. Calculate the cumulative probability of failure by K þ 1 using the k þ 1 specific failure hazards for each generated treatment and confounder history under intervention. 5. Calculate the average cumulative probability of failure by K þ 1 over all generated intervention histories. A more technical description of this algorithm is given in Appendix C and may be implemented using a SAS macro publicly available at www.hsph.harvard.edu/causal/software. This estimation algorithm effectively ignores that, for an intervention
implied treatment rule depending only on the measured confounders is f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ as defined by the marginalization [7] . The natural value of treatment A Ã k is generated at each k regardless of whether the explicit intervention of interest depends on it or not. If the intervention does not depend on it, then A Ã k is generated but not used. Note that expression [3] can be rewritten as 
Semi-parametric estimation
The parametric g-formula may be subject to bias due to model misspecification and to the g-null paradox (Robins and Wasserman 1997) . As an alternative, several authors have described semi-parametric estimators of risk under explicitly specified random dynamic regimes that may, at most, depend on the measured confounder history (Murphy et al. 2001; Cain et al. 2010; Stitelman et al. 2010; Díaz Muñoz and van der Laan 2012) . These approaches do not require specification of the likelihood and may be more robust to model misspecification. Here, we describe how an inverse-probability weighted (IPW) risk estimator can be extended to implied random dynamic regimes such as that defined by eq. [7] .
Following Cain et al. (2010) , consider the following IPW estimator of risk by K þ 1 under an explicitly specified f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ. Letψ be the solution to the estimating equation
with respect to ψ where
λðk; ψÞ is a flexible function of k and the parameter vector ψ and
withα the MLE of α given the model f obs ða j j l j ; a jÀ1 ; D j ¼ 0; αÞ for the observed treatment density as defined in eq.
[2] with α 0 the true population value of α.
If this treatment model is correctly specified and there exists ψ 0 such that
for all k and the estimatorψ consistent for ψ 0 and asymptotically normal. Note that, under these assumptions, the g-formula [3] is equivalent to
The ; D k ¼ 0Þ based on that model, which will be used for the numerator of the weights for any subject with A k ¼ 30.
Other authors have considered semi-parametric estimators of risk under random dynamic regimes that might be interpreted in terms of implied random dynamic regimes based on an explicit deterministic mechanism depending on the natural value of treatment (Díaz Muñoz and van der Laan 2011, 2012; Haneuse and Rotnitzky 2013). For example, Díaz Muñoz and van der Laan (2012) considered various semiparametric estimators of risk under a random dynamic regime on a point treatment that somehow shifts the observed treatment density by a certain amount. They allowed this shift to, at most, depend on values of the measured confounders, considering interventions on physical activity as a particular example.
Specifically, extending to our more general time-varying setting, this shift δð l k ; a kÀ1 Þ could be achieved by the following mechanism: "On each day k, if a subject with treatment and confounder history ð l k ; a kÀ1 Þ has exercised a Ã k minutes under no intervention by the end of the day then have her, instead, exercise a Ã k À δð l k ; a kÀ1 Þ on that day". If we fix δð l k ; a kÀ1 Þ ¼ À30 for all ð l k ; a kÀ1 Þ, then this intervention maintains exercise at or above 30 minutes per day for all subjects and corresponds to a particular choice of 
A plausible approximation to interventions that depend on the natural value of treatment
In the previous sections, we have considered hypothetical interventions at k that depend on the natural value of treatment also at k. Such interventions are generally not plausible in practice. For example, once an individual has exercised less than 30 minutes by the end of day k, she cannot, instead, have exercised 30 minutes by the end of that day. It follows that, even given "perfect" conditions (e.g. identifiability and no model misspecification) it is unclear how to use observational estimates associated with such interventions to inform real-world future policy or the design of future randomized experiments. We might, however, approximate such interventions with a plausible (implementable) experiment. Let X k be a subject's stated intention with respect to treatment on day k measured at the start of that day (e.g. intended daily minutes of exercise at the start of day k). 
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Suppose treatment is assigned according to f d ða k jx k ; l k ; a kÀ1 ; D k ¼ 0Þ and the following assumption held:
Natural value of treatment assumption: Under any intervention, for all k, every subject's intended minutes of exercise at the start of day k is equal to what her subsequent behavior would be on that day were the intervention based on intention discontinued right before k.
Under this assumption, the plausible rule f d ða k jx k ; l k ; a kÀ1 ; D k ¼ 0Þ is not an approximation but exactly
Further, under the reasonable assumption that intention has no direct effect on the outcome except through future treatment, the risks by K þ 1 under these two rules will be equivalent. Thus, all identification and estimation results of Sections 4 and 5 apply.
In an actual experiment where treatment is assigned according to f d ða k jx k ; l k ; a kÀ1 ; D k ¼ 0Þ, it is impossible to empirically examine whether this assumption holds, even given X k is measured. However, in an observational study, this relationship can be examined given X k is measured. In particular, in an observational study (i.e. under no intervention), the natural value of treatment assumption implies that for each subject and all k
Here, again, the natural value of treatment A Ã k is equivalent to the measured treatment A k for all subjects as no intervention is made. Note that, while assumption [16] implies that the natural value of treatment assumption holds for the observational study, assumption [16] ; D k ¼ 0Þ is simply an example of a deterministic dynamic regime g by the classification given in Section 2 with L k in Section 2 replaced with ðX k ; L k Þ. This deterministic dynamic regime g is specifically defined such that a 
is undefined for all histories such that x k < 30, k ¼ 0; . . . ; K.
Conclusions
In this paper, we showed the equivalence between the extended g-formula associated with an intervention that depends on the natural value of treatment and the (non-extended) g-formula of Robins (1986) associated with a particular random dynamic regime that does not depend on this value. This equivalence immediately gives a sufficient positivity condition that guarantees the extended g-formula is well-defined. This positivity result, coupled with the results of Richardson and Robins (2013) , now provides a formal causal framework for previously published applications of the parametric extended g-formula to estimate risk under threshold interventions in observational studies. It also immediately gives semi-parametric alternatives to the parametric extended g-formula. Finally, we considered limits on the practical implementation of threshold interventions along with possible real-world approximations.
The assumption of positivity is often informally described as the assumption that there are at least some subjects in the observational study who are observed to follow the hypothetical intervention of interest within every possible level of the "past". By this understanding, it would appear that positivity must be violated for the threshold intervention on exercise considered by Taubman et al. (2009) . Specifically, no subject who exercised less than 30 minutes on day k can be following the intervention at k. Our positivity result makes clear that, given appropriate identification conditions, it is not necessary to observe such patterns in the observational study. It is only necessary to observe some individuals following the implied random dynamic regime [7] .
Appendix A
Representing the g-formula characterized by a random dynamic regime as a weighted average of deterministic regimes
In the following, we assume L k is discrete and we choose an ordering such that l k;1 ; . . . Robins (1986) , given a particular f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ k K defining wtðgÞ as above for all g 2 G, then one-minus expression 
Simplified numerical example
Figure 1 depicts a hypothetical sequentially randomized trial where treatment is assigned at each time based on a particular intervention density f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ by a structural tree graph (Robins 1986) . For numerical simplicity, we will consider a short follow-up with K ¼ 1 and all binary treatment and covariates.
For additional simplicity, we will assume that no subject fails prior to the end of follow-up (i.e. D 1 ¼ 0 for all subjects). We will also assume that all subjects have the same value of the baseline covariate L 0 ¼ l 0 . The intervention density is defined by the probability of receiving a given level of treatment given the past read directly off the graph. These probabilities imply that f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ corresponds to a random dynamic regime. For example, following the top branch of the graph, the probability of receiving treatment at k ¼ 1 given ðl 0 ; a 0 ¼ 1; l 1 ¼ 1Þ is 10 20 or 0.5. The survival probability for the disease of interest in this hypothetical sequentially randomized trial is simply the overall proportion of those who did not get the disease at the end of follow-up out of the total number at risk at baseline. Specifically, 52 subjects at the end have D 2 ¼ 0 out of the 100 subjects at risk at baseline; thus survival in this hypothetical trial characterized by f int ða k j l k ; a kÀ1 ; D k ¼ 0Þ is 52 100 . We will now show 52 100 is equivalent to a weighted average of the g-formula for survival over all deterministic regimes that it is possible to follow in this hypothetical sequentially randomized trial with weights defined as in the previous section.
First the set G contains the following subset of deterministic regimes ðg 1 ; g 2 ; g 3 ; g 4 ; g 5 ; g 6 Þ: Note that G contains additional deterministic regimes but we exclude these from the above subset as, for some covariate values, we observe no individuals following these regimes in the trial depicted in Figure 1 . For example, in this trial, we observe no individuals who are untreated at both time 0 and time 1 with L 1 ¼ 0. Any deterministic static or dynamic regime that allows this treatment and covariate pattern will contribute a zero weight by the definition of the previous section. Examples of deterministic regimes that would contribute a zero weight are g 7 ¼ ð0; 0Þ and g 8 ¼ ð0; l 1 Þ.
Using the definition of the previous section such that, again,
; D k ¼ 0Þ, we define wtðgÞ as follows for each g in the subset above: We leave to the reader to confirm that the sum of these weights is one.
where f ðl 0 Þ ¼ 1. Here, we evaluate this expression for all g in the subset:
Finally we have that
Appendix B Richardson and Robins (2013) defined a graphical condition based on a d-separation relation (i.e. checking for the absence of "backdoor paths") that gives general identification for any intervention considered in the classification of Section 2 or an intervention that depends on the history of the natural value of treatment using the (non-extended) g-formula and extended g-formula, respectively. They further show that, given an appropriate consistency assumption, this graphical condition for identification implies an exchangeability condition analogous to condition [1] given in Section 3. In the restricted case, where the intervention does not depend on the history of the natural value of treatment, then this condition is equivalent to condition [1] . We refer the reader to Richardson and Robins (2013) for details of this more general exchangeability condition. The d-separation condition of Richardson and Robins (2013) is applied to a transformation of a causal DAG (Spirtes et al. 1993; Pearl 2000) representing assumptions on the underlying data generating process that produced the data in the observational study. Richardson and Robins (2013) call this transformation a Single World Intervention Graph (SWIG). We now illustrate how to evaluate identification for different interventions on a time-varying treatment under a simple set of underlying observed data generating assumptions using SWIGs. The examples given here are similar to examples depicted in figures 19 and 21 in Richardson and Robins (2013) .
Remark on notation: In describing how to construct a SWIG associated with any hypothetical intervention under an assumed observed data generating mechanism we will adopt, for this section of the appendix only, the notation of Richardson and Robins (2013) . This will create two inconsistencies with notation used in the main text which we now describe, along with our motivation behind this choice. Specifically, in this appendix, we will denote any hypothetical dynamic intervention as g which may, or may not, depend on the natural value of treatment. In the main text, this notation was reserved only for deterministic regimes (dynamic or static) that do not depend on the natural value of treatment. Further, we will change the meaning of one instance of counterfactual notation used in the main text. In particular, A g k was used in the main text to denote the counterfactual value of treatment assigned under an intervention g. Here, to be consistent with Richardson and Robins (2013) , A þg k will be used to denote this counterfactual, and A g k will, alternatively, be used to denote the counterfactual natural value of treatment under g.
We chose not to adopt this more complex notational convention of Richardson and Robins (2013) in the main text as the primary results regarding positivity and semi-parametric estimation of the main text do not require formalization of a counterfactual natural value of treatment. This allows simpler notation in the main text that is consistent with previous work on interventions that do not depend on the natural value of treatment. It also allows a notational bridge to the motivating work by Robins et al. (2004) and Taubman et al. (2009) . While we could have used notation fully consistent with the main text in this section of the appendix, we chose to adopt that of Richardson and Robins (2013) , the foundational paper on SWIGs, in order to avoid confusion within the newly emerging literature on this topic. We now proceed with our examples.
Consider the simple time-varying observational study depicted in the causal DAG of Figure 2 (i) where, as in the simplified numerical example of Appendix A, we assume a short follow-up (K ¼ 1) and that no subject fails prior to the end of follow-up. In Figure 2 The d-separation condition of Richardson and Robins (2013) is evaluated for a given dynamic intervention g based on the following sets of transformations applied to a causal DAG: 1. Split each treatment node at k into two nodes with one node containing the natural value of treatment at k and the other a constant value a k 2. Index all random variables after time 0 as counterfactuals under a static deterministic intervention a, including the natural value of treatment. 3. All arrows out of the observed A k on the original DAG should now be out of a k and all arrows into the observed A k on the original DAG should now be into the counterfactual natural value of treatment at k A a kÀ1 k (equivalent to the observed A 0 at baseline as no intervention has yet been made). Figure 2 (ii) depicts a SWIG derived from the causal DAG in Figure 2 (i) under this first set of transformations. A SWIG constructed from these transformations is a non-dynamic SWIG denoted Gð aÞ.
To assess identification for a dynamic intervention g, we apply the following additional transformations: 1. Index all counterfactuals on Gð aÞ by g rather than by a or a subvector thereof 2. Replace each constant a k with the counterfactual A By contrast, we can see that the intervention g in Figure 3 (ii), under which treatment assignment does depend on the history of the natural value of treatment, is not identified under our data generating assumptions. Again, applying the d-separation condition of Richardson and Robins (2013) , following the transformation to the k ¼ 0 perturbed regime (i.e. removal of the dashed arrow from A 0 into A These examples illustrate that even given we have identification for an intervention that does not depend on the history of the natural value of treatment -for example, the random dynamic intervention [7] -it is not guaranteed that we will have identification for an intervention that does depend on some function of this history -for example, the threshold interventions of Taubman et al. (2009) 
. . . ; K is obtained in Step II.3. As discussed in Young et al. (2011) , both Steps I and II may be modified to avoid reliance on parametric models for histories such that a priori subject matter knowledge on the observed data structure is available.
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